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Introduction

e One of the basic Inputs In most option pricing
formulas is the volatility (StDev) of the underlyng
security

e Errors in the estimation of the volatility lead to two
Kinds of errors in trading options

» The fair value of the option
» The corresponding replicating portfolio




This class of problems belongs to the area of esttmon
risk
It is part of a broader research area called modeaiisk

We examine the effect of hedging European contingen
claims with a volatility that differs from the true one




Literature Review

e There is a broad literature examining the effect of
sampling errors in the variance estimates

e For European option prices a substantial complicabn

arises from the fact that even an unbiased estimatef
the variance does not produce an unbiased estimate#
the option price, since the option pricing formulasare
non-linear with respect to variance




Literature Review

e Lo (1986) argued that since parameter estimates are
ultimately employed in the pricing formulas in plae of
the true but unknown parameters, the sampling
variation of parameter estimates will induce samphg

variation in the estimated contingent claim pricesabout
their true values

The variance can be mis-specified from the omissioof
discontinuities (Merton, 1977) or the misspecificabn of
the drift in the data generating process (Lo and Wag,
1995)




Literature Review

Figlewski (1987) argues that the effect of volatty mis-
estimation is larger for out of the money call optns

Avellaneda et al (1995), derive pricing andhedging
bounds when the uncertain volatility is confineduina
minimum and maximum bound

El Karoui et al (1998) show that under deterministic
volatilities the effect of mis-estimation can be pmtive or
negative

Anagnou and Hodges (2002) examine the hedging'errors
under mis-estimated volatility in a discrete framevork ,
they find that the hedging errors are more pronouned
for at the money options




Assumptions

Frictionless Markets

The evolution of the underlying security is governe by a
geometric Brownian motion with constant volatility

dS(t) = S(t)[ udt + odw(t)]

Zero risk-free interest rates

We sell a Call option priced at the wrong volatiliy and
we hedge it until expiration




e \We define the tracking error as the difference betwen the

replicating portfolio and the option price given bythe true
volatility

e Using standard rules from stochastic calculus therécking
error at expiration is given by




The first term In the tracking error is the difference
between the true premium and the estimated premium
and takes place at the initiation of the trade

The second term Is attributed to the difference beteen
the delta with the true volatility as input and thedelta

obtained with the estimated volatility

The effect of this difference also depends on thex@ess
return over the risk free rate namely the market pice of
risk

The third term is ascribed again to the differencebetween

the two deltas but in addition depends on the ‘true
volatility and the Brownian noise




Application - Black and Scholes Formula

e We exclude from the analysis the difference between
the true premiums.

e We derive the expected value and the standard
deviation of the DTE for arbitrary estimators of.the
volatility by taking a Taylor's expansion around the
true volatility




Application - Black-and Scholes Formula

e First Moment

n(-) is the standard normal probability densitychion.




Application - Black and Scholes Formula

e The derivative of the delta with respect to the valtility
(abbreviated as delvar) across moneyness




Application - Black and Scholes Formula

The sign of the expected DTE cannot be
unambiguously determined since the sensitivity ofnie
delta hedge ratio with respect to the volatility isneither
strictly positive nor strictly negative.

Delvar is positive for out of the money options
decreases as the strike price approaches the curiten
price of the underlying and equals zero for at the
money options.

For in the money options Is negative and convergds
zero for deep in the money options

It has the highest values for out of the money opins




Application - Black and Scholes Formula

e A trader using a volatility that is smaller than the true
one, for out of the money options he will-hedge wita
delta that is smaller than the delta that governskie
evolution of the call

Conversely, when the spot price is above the strikée
estimated delta will be larger than the true deltaeven
though the volatility input is smaller than the true ane




Implementation

Using some tedious algebra the two moments can be
computed via numerical integration

We compute the two moments across various
maturities, true volatilities and risk premiums

The difference between the true volatility and the
estimated volatility is assumed to be 1%

All the results are based on the assumption that &
true volatility > estimated volatility




Results

e Generally the expected value of the tracking errors
negative for out of the money options and positivéor
In the money.

Nevertheless for low levels of volatility and highrisk

premiums options slightly out of the money and whi
time to maturity more than 4-months have positive
expected tracking error

Even though the volatility is lower at the beginnig at
some point the option goes Iin the money and the
trader Is compensated for the losses




Results-risk premium-0.1 & volatility 0.3
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Results

e For the same level of risk premium and
Increasing volatility the tracking error for
out of the money options and Iin the money

options increases with the exception of long
term out of the money options where it
decreases slightly

e Ceteris Paribus the tracking error Is an
Increasing function of time




Effect in delvar from an increase in the volatility (0.2 t0'0.3)

e At the money options have positive tracking error ér low
levels of volatility and negative for high levels fovolatility




Results-Standard Deviation

e The standard deviation of the tracking error is an
Increasing function of the volatility and an increaing
function of the risk premium

e The smaller Standard Deviation Is exhibited by in
the money options and the larger for out of the moay
options

e The two maxima are In regions near the price of the
underlying asset (plus/minus 10%)
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Conclusions

The tracking error is most pronounced for out of the
money options.

It may be appropriate for out of the money optionsto
compute the hedge ratio using a higher volatility han

what the trader expects to prevail in the future
Uncertainty is most pronounced for long term optiors

For long term options and high volatility the first
order approximation can be used for larger
differences between the true volatility and the
estimated volatility




