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The problem

Input data points: z(1), ..., z(") € R™
Output data points: y(1, ... y(™ e R

representing the operational characteristics of n decision making units (DMU's).
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Definition. A DMU (%) is called non-dominated, if there is no other DMU (5) such that
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with at least one inequality sign.
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Production functions

Let F = {f(x,v) : v € M} be a family of input-output functions R — R.

Examples are:

(a) linear function

(b) Affine-linear function

(c) Cobb-Douglas function



(d) Constant elasticity of substitution (CES - function)

m _1//)
flz,v) = (Z Vﬂ?)
1=1

(e) Loglinear function

flz,v) = Z vilog(z;)
=1

(f) Some nonlinear production function

f(x,v) = viz1(voxo + x3).



Regression functions and envelope functions
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X = (), ..., =)

y =y, ..., yM)

Let F = {f(x,v) : v € M} be a family of input-output functions. The envelope function of the
data set (X, y) is defined as

F(z) = min{f(z,v) : vissuchthatforall j f(z,v) > yU)}

In order to find whether a pair (9, y(* lies on the envelope functions, one solves

min{f(z®,v) : vissuch thatforall j f(z,v) >y}
and compares this with y(®.
The input oriented degree of efficiency of unit 7 is
min{0 : f(6z) > ¢V,
The output oriented degree of efficiency of unit ¢ is

max{¢ : f(z) > ¢y} = F(zV)/y?.
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Multiple output

If there are more than one outputs, then one uses an aggregation function y(" = 22:1 ,LLj’y](i).

The input oriented degree of efficiency of unit ¢ is

min{@(u1,...,us) : 0(u, ..., us) is the efficiency for the aggregation function Z/,Ljyj(-i)}.
j=1

i.e. DMU 1 is input oriented efficient for multiple output, if it is input oriented efficient for all aggregation functions.

The output oriented degree of efficiency of unit i is

max{é(p1,...,us) : ¢(ua, - .., us) is the efficiency for the aggregation function Zujy](.i)}.
j=1

l.e. DMU 17 is output oriented efficient for multiple output, if there is at least one aggregation function such that it is
output oriented efficient.



Linear Models

We form the m x n matrix X = (ch@) and the s x n matrix Y = (y,fj)). The i-st column, corresponding to the -st
DMU of X and Y is denoted by X; resp. Y;.

Duality of linear programs:

max clz + cly
Atz + Ay < b
Ao1x + Azoy = bo
x > 0; y arbitrary

min bl u + blw
AT u+ AT v > ¢
A{Qu + AgQ’U = ¢»

u > 0; v arbitrary



Specific models

Affine linear model (variable returns to scale - VRS)

The affine linear family produces the convex hull as envelope function.

f(z,v) =vie 4+ uo;v > 0.

Input orientation:
min 6
Ol X, +ug— plY; >0
ply —vT'X —wugl <0
p =0
v>0

which is equivalent to
max ulY; — ug
vIX, =1
Y —vT'X — 4ol <0
w>0

v>0

10



The dual is

min 6
YA 2>Y
0X; > AX
=1
A>0

Once the optimal 6 has been determined, we solve the following problem to identify the slacks:

max 17sT 4+ 175~
YA—sT—Y;=0
0X;— XA—s =0
=1
AsT,s7>0



Output orientation:

which is equivalent to

The dual is

max ¢

T T
v Xi 4+ uo 2> ¢(p' ;)
Y —vT'X —uel <0
p=>0
v>0

min v X; 4+ uo

ply; =1

Ty —uvT'X —wugl <0

p=>0

v>0
max ¢
oY < AY
X\ < X;
=1
A>0
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Once the optimal ¢ has been determined, we solve

max17sT + 17s~
Y, —YA+st =0
XA+ s—=X;
"X =1
)x,s"_,s_ZO
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Linear model (constant returns to scale - CRS):

f(z,v) =viz;v>0.

The linear family produces the conical hull as envelope function.

Input orientation:

which is equivalent to

min 6

0vTX;, — putY; >0
ply —vf'X <0
p=>0

v>0

max u!Y;

vIX, =1

1Yy —0TX1<0
0> 0

v>0
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The dual is

min 6
YAN-Y; >0
0X; — 22X >0
A>0

Once the optimal 8 has been determined, we solve the following problem to identify the slacks:

max17st + 175~
YA-st-Y;=0
06X, — A X —s— =0
A sT,s7>0



Output orientation:

which is equivalent to

The dual is

max ¢

v Xi > o(u'Ys)
Ty —vTX1<0
p=>0

v>0

min 7 X;
p'Y; =
—u'Y +0v'X >0
p >0
v>0

max ¢
—¢Yi+AY >0
- XA+ X; >0
A>0
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Once the optimal ¢ has been determined, we solve

max1Tst 4+ 17's~
0Y; — YA+ st =

XA+ s— = Xp

A,sT,s7>0



Special notions of efficiency

pure technical efficiency PT E(2): Efficiency in the input oriented VRS model.

technical efficiency T'E(4): Efficiency in the input oriented CRS model.
Scale efficiency: SE(i) = TE(i)/PTE(i) < 1,since PTE(i) > TE(3).
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TE
PTE
TE, 0Q/0Q
PTE, 0Q-/0Q
S, 0Q/0Q:
DMU TE PTE SE
P 1 1 1
Q 0,5 0,7 0,71
R 0,3 1 0,3

TE = 0Q/0Q PTE = 0Q"/0Q SE = 0Q/0Q~
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Cost efficiency: CE(i) = [min ) z;p; : f(x) > y(")]/[zj $§i)pj]

Allocation efficiency: AE(i) = CE(i)/TE (i)
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pe CE
TE

TE, 0Q/0Q

CE, 0Q/0Q

AE, 0Q/0Q-
DMU TE CE AE
P 1 1 1
Q 0,7 0,5 0,714
R 1 0,75 0,75

TE =0Q'/0Q CE = 0Q"/0Q AE = 0Q/0Q"
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